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Abstract—This paper proposes a new strategy for prototypes
initialization in linear vector quantization algorithm (LVQ).
Three principles which must be satisfied during the learning
stage are shown in the paper. These principles are essential to
guarantee appropriate learning for the LVQ algorithm.
However, all versions of LVQ algorithms try to answer to one of
the principles, but unfortunately contradicting with the other
ones. The new strategy proposed in the paper aims to solve this
issue and consists of two steps: (1) analyse the a-priori data set
and (2) apply a pre-learning algorithm to initialize the
prototypes. The pre-learned prototypes resulted from step 2 are
used by the LVQ algorithm in the learning process. The
examples presented in the case study and the criterion used to
assess the training performance of the prototypes reinforce that
the training strategy of the prototypes proposed in the paper
provides better results in certain situations compared to classical
LVQ algorithms.

Keywords—LVQ algorithms, pattern recognition, learning,
Self-Organizing Map.

I. INTRODUCTION

The LVQ algorithm [1] is a supervised learning algorithm
that learns to classify data based on determining the optimal
position of the prototypes. LVQ can be included in a broad
family of learning algorithms based on Stochastic Gradient
Descent [2]. LVQ has applications in different fields, such as:
signal processing [3], fault diagnosis [4, 5], feature extraction
[6,7], and many others. The LVQ algorithm has been improved
during the years by many authors[8, 9].

The main idea of the LVQ algorithm is to build a quantized
approximation for the spatial distribution of the training
vectors using a finite number of prototypes. After the learning
process is finished, each prototype represents a subset of the
data that has the same degree of similarity. The LVQ algorithm
requires several factors to be defined before the learning
process starts’, and they include: (1) the objective function, (2)
the appropriate distance measure, (3) the optimization
algorithm, (4) the optimal number of prototype vectors, and (5)
the initial positions of the prototype vectors to avoid
suboptimal solutions.

The LVQ algorithm and its three versions LVQ1, LVQ2,
and LVQ3 were proposed for the first time by Kohonen in [1].
The LVQ2 and LVQ3 algorithms use the concept of window to
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update the prototypes during the learning process. One of the
conditions for updating the prototypes is that the new input
data, or pattern, presented to the algorithm, must fall into the
window. If the new pattern is outside the window, the pattern
will be ignored and blocked in the process of prototypes
learning. This is a method of selecting the patterns which will
affect the prototypes during the learning process.

For improving the performance of the LVQ network, a new
weight-updating formula for prototypes is presented in [10]. In
[11] the authors introduce an explicit cost function where the
learning rule attempts to minimize such function. Selecting a
subset from the training data set to update LVQ prototypes is
introduced in [12], where the proposed method selects an
updated set composed by a subset of points considered to be at
the risk of being captured by another prototype from a different
class.

In the prototype learning process, it is necessary to take into
account the following three principles:

1. Specialization of prototypes. After learning, each
prototype will get similar characteristics with a subset of
patterns belonging to the class represented by the prototype.

2. Every pattern from the training data set must participate
in the prototype update (learning process). Otherwise, the
characteristics of the non-participating patterns will not be
transferred to the prototypes.

3. Minimize as much as possible prototype removal if the
pattern and the prototype belong to different classes. In this
case the prototype is no longer updated if the patterns from the
training set satisfy certain conditions. For instance (for LVQ2
and LVQ3 algorithms), if the pattern is outside the window, it
will not be used for prototype learning.

In some situations the third principle is in contradiction
with the first and the second principle. All versions of LVQ
algorithms try to answer to one of the principles, but
unfortunately contradicting with another. For instance, the
window method used for the LVQ2 and LVQ3 algorithms
satisfies, in some situations, the third principle, but, in the same
time, does not satisfy the second principle.

However, it is well-known that all LVQ algorithms and
variations of the original LVQ-learning algorithm strongly
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depend on the initialization of the prototypes [1, 3, 13]. The
prototypes initialization and the training data set can often
create a conflict among the three principles. The learning rules
for the prototypes, without a-priori analysis of the training data
set, lead to the impossibility of satisfying all three principles, at
the same time.

The new lemma and new theorem proposed in this paper
will set the conditions that can guarantee a proper prototype
allocation when the LVQI algorithm is applied. Although
these conditions may not be fulfilled for complex data sets, the
lemma and the theorem are important for finding instances
when prototype training provides unacceptable solutions. Some
of these cases are illustrated in the paper and, as a solution for
these situations, a new method of prototype initialisation and
pre-learning is implemented.

The paper is organized as follows: in Section 2, the
prototypes’ dynamic during the learning process is analysed,
and a new lemma and theorem are introduced to guarantee
optimal or acceptable solution for the LVQ algorithm. Based
on the theoretical results from Section 2, a new algorithm for
LVQl is proposed in Section 3, and its advantages are
illustrated by several examples with simulated data (academic
data set). In Section 4 the paper is concluded and some
comments about future works are presented.

II. EASE OF USE THE PROTOTYPES’ DYNAMIC DURING THE
LEARNING PROCESS

This section presents new theoretical results regarding the
prototypes’ dynamic during the learning process with LVQ1
algorithm. The prototypes’ dynamic strongly depends on the
structure of the training data set. In most cases, the training
data set has an irregular structure where it is impossible to
consider all possible cases. However, without loss of
generality, some representative situations will be considered in
this section in order to illustrate the prototypes’ dynamic.

Lemma. Consider X* and X? the training sets for two classes
which contain ny patterns and n, patterns respectively. The
sets X' and X? are included in the convex domains DC,
and DC, ( X' € DC,, X2 € DC, ). For LVQI algorithm,
assume that the following hypotheses are true:

1) The learning rate is considered to be bounded in the

interval [0 1], i.e. 0 < k(t) < 1; €))
2) max {d(x,y)} < min {d(x',y)} @
YyIEDCy
Jnax {d(x,y)} < nggcll{d(x ¥} (3)
YIEDCy

3) The prototypes Z* and Z* are initialized with patterns of
both classes. Then, during the learning process, for the set of
prototypes Z'and Z?, the following relations hold:

max {d(x,y)} < min {d(x',y")} or equivalently,
xex1,yezt x’eXZ,ylezl
Z' c D¢y (4)
max {d(x,y)}< min {d(',y)}or
xeX2,yeZ? x'eX? yrezl
equivalently, Z2 c DC, (5)

Proof. The LVQI algorithm is based on relations (1) and (2).
Consider the following notations:

X' ={x}},i =1,n, are patterns from class 1, X? = {x?},i =
1,n, are patterns from class 2 and Z! = {z!},i = 1,np, are
prototypes associated to class 1, Z2 = {z?},i = 1, np, are the
prototypes associated to class 2. These prototypes will be
initialized with patterns from each corresponding class.

The following inclusions result from hypothesis 3:
{(z}i=tp;} € DGy (6)
{(z8}i=17p;} € DCy (7)

Considering hypothesis 2 (the inequalities (2) and (3)) and

the inclusions (6) and (7) one can conclude that before first use

of the LVQI1 algorithm, hypothesis 3 is satisfied, i.e. the
inequalities (4) and (5) are satisfied.

Now, assume that the pattern {x}(t)} € X' is used in the
learning process by the LVQI1 algorithm. The inequality (4) is
satisfied, so the closest prototype {z}} to the pattern {x}(t)} of
class 1 also belongs to class 1. Consequently, eq. (8) is used for
the prototype update:

zr(t+ 1) =z () + k() [xi ()-z7 (V)] ®)

According to the lemma hypothesis (1) (k(t) € (0,1]), the
update prototype {z1(t + 1)} belongs to the line segment from
z}(t) to x}(¢). Because x}(¢) and z}(t) belong to the convex
domain DC; , after the learning process, the prototype
associated with class 1 (z}(t + 1)) will also belong to the
convex domain DC;. In this case, inequality (4) remains true
after the learning process.

Similarly, it can be proven that the prototypes of class 2
satisfy ineq. (5) after every stage of the learning process.

Because the pattern {x/(t)} was arbitrary chosen, we can
conclude that inequalities (4) and (5) are true for each
prototype and throughout the entire learning process.

Observation: The new Lemma introduced in this paper proves
that the prototypes will satisfy relations (6) and (7) after each
learning stage during the entire learning process. Fig. 1
illustrates the case when the patterns and the prototypes of both
classes satisfy the lemma hypotheses. In this case the
prototypes will never leave the domains in which they belong
before the learning process.

30

o patterns of class 1
* patterns of class 2
o prototypes of class 1 [

prototypes of class 2

25+

00 ‘5 1‘0 1‘5
Fig. 1. The situation when the patterns and the prototypes of both classes
satisfy the lemma hypotheses

DC; — convex domain which includes the sets X*,Z%,

DC, — convex domain which includes the sets X2,Z2,
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Theorem. Consider X' and X* the training set vectors for
two classes which contain patterns in R™. The set X' < DC1,
where DC1 is a convex domain. The set X* contains two
subsets X*' c DC,; , X?? < DC,,, with DC,; and DC,,
convex domains.

Assuming the following hypotheses for the LVQ1 learning
algorithm:

1) The learning rate k(t) is always positive and is decreasing
monotonically from 1, i.e. in the interval
0, 1

k(t)=a—b-t,a=1,b>0,1€ (0, 7].

2)a.x§n€%>él{d(x,y)} < i {d(x',¥")} C)
Y'€DCaq
x'yme%a{d(x,y)} < min {d(x', yN} (10)
YI€DCy;
b. x;réggn{d(x. n}< x,ren[;gn{d(x Y0} (11)
yI€DCq
Jmax {d(x,y)} < min {d(x,y)} (12)
YI€EDCz3
c. x_%ggzz{d(x, n}< x,gl[;gzz{d(x 0} (13)
yI€DCq
x,ﬁ%%’c‘zz{d(x‘y)} < min {d(x',y0} (14)
Y'€DCzq
3)xrg})ac>2<2{d(x. n}< x,ren[;gzz{d(x Y0} (15)
YEDCyq YyIEDC,

4) The prototypes of class 1 are initialized only with patterns
belonging to set X*and the prototypes of class 2 are initialized
only with patterns belonging to subset X*1. Then, after the
learning process, the patterns of the training set which belong
to the subset X*? will only be represented by one prototype.

Proof. Fig. 2 illustrates a situation when the theorem
hypotheses are fulfilled.
30 ; ;

+ - patterns of class 1

O - patterns of class 2

- pattern used for the initialization
of prototypes from class 1

- pattern used for the initialization

251

20+ © of prototypes from class 2
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15 b 20,
O o O
DC,,
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O
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L O o 4
5 é} o 8 DC,,
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Fig. 2. A situation when the theorem hypotheses are fulfilled

Consider the following notations:

X' = {x}},i = 1,n, the patterns of the training data set which
belong to class 1 and X?'={x?'},i=1,n, , X*?=
{x??},i = 1,n,, the patterns of the training data set which
belong to class 2.

The prototypes associated with both classes are Z! =
{z}},i = 1,np, and Z% = {z?},i = 1,np,, respectively. The
set of initial prototypes under the hypothesis 4 of the theorem
satisfy the relations:

Ztcx?t (16)
7? c x4 an
Considering the theorem hypotheses and relations (16) and
(17) the patterns and the prototypes of both classes verify the
following relations:

{(x}} ity U (2} ictnn; } © DGy (18)
{{xi21}i=1,n21 u {Zi21}i=1,n—p2} c DCyy (19)
{(6F%Y itz ) € DGy, (20)

For the first stage of the learning process, the learning rate
is k(t) =1(t =0) for all training set patterns used for
prototypes’ updating by the learning algorithm.

Now assume that during the learning process, the pattern
x} € X' is used by the learning algorithm to update the
prototypes. Taking into account relations (9), (10), (18), and
Lemma one can conclude that if the closest prototype to the
pattern x; belongs to class 1 before the learning stage, it will
also belong to the same class after the learning stage. The
prototype also belongs to the convex domain DC;.

Consider the special case when the pattern x22 (the first
pattern of the set X?2) is used by the algorithm to update the
prototypes. Consider hypothesis 3 of the Theorem (i.e. the
relation (15)), the closest prototype to the pattern xZ2 is one of
the prototypes associated with the set X2 . We note this
prototype with z; (t).

Eq. (21) is used for the prototype update:
zi(t+1) = z{(t) + 1+ [x? — z2()] = xf* 2

where the learning rate is 1 because this is the first learning
stage of the learning process. After that, the subset X?? will
only contain one associated prototype. By considering relations
(13), (14) and lemma, if the algorithm uses any other pattern
from the subset X22 for the learning process, then the closest
prototype to the pattern will also be z>(t). In conclusion, the
subset X?2 will only be represented by one prototype after the
learning process: z;(t) < DC,,.

Observation 1: The prototype z;(t) is always updated when a
pattern of the subset X?? is used by the learning algorithm.
After every learning stage, the updated prototype will also
belong to the same domain DC,,.

A situation when the theorem hypotheses are satisfied is
presented in Fig. 3. The initialization of the prototypes for class
2 is randomized by using patterns from the subset 21.

Fig. 3 shows that the subset 22 has only one prototype.
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Training with LVQ 1 algorithm
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- patterns of class 2
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- prototypes of class 2

- prototypes of class 1
T
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Fig. 3. Academic data set which verifies the theorem hypotheses

Observation 2: If the training data set contains a large
number of patterns, randomizing initial prototypes cannot
guarantee that all sets of patterns with similar characteristics
have allocated prototypes. For instance, in voice recognition
applications, it is possible that the same speaker may have
different subsets in the training data set.

Observation 3: If hypothesis 3 of the theorem is not
satisfied, the patterns of the subclass 22 are closer to the
prototypes of class 1 than to the prototypes of the subclass 21.
Thus, when the patterns from the subclass 22 are used in the
learning process by the LVQI algorithm, the prototypes of
class 1 are updated with relation (2) and they will be gradually
removed from the patterns of the subclass 22. This situation is
illustrated in fig. 4.
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Fig. 4. Academic data set which does not verify hypothesis 3 of the theorem

III. ANEW STRATEGY FOR PROTOTYPE LEARNING USING LVQ1
ALGORITHM. CASE STUDY

As it was shown in section 2, the structure of the training
data set plays an important role in the prototype learning stage.
The structure of the learning data set can lead to unfavourable
situations for the prototypes updating. In order to avoid this
situation for cases when the lemma or theorem hypotheses are
not fulfilled, a new algorithm is proposed in the following of
this section. The main idea of this algorithm is to analyse the
classes structure first, and then, to use Self-Organizing Map
algorithm [1] for a-priori prototypes updating for each of the
subclasses. The proposed algorithm will divide the classes

which can create problems in subclasses. Consequently, the
prototypes degree of representativeness will significantly
increase.

By analysing the structure of the training data set and by
initialising the prototypes with patterns which belong to each
subclass, it is possible to obtain correct results regarding the
prototypes placement in the pattern space. A pre-learning
strategy by using a procedure similar with Self-Organizing
Map will avoid the instability of the LVQI1 algorithm.

Consider a training data set with Q;...Q,, n classes, each
containing M;...M, patterns. The new proposed strategy for
prototype updating is as follows:

1. The structure of each class is analysed by determining
the number of subclasses corresponding to the patterns for all n
classes.

2. Pre-learning phase for the prototypes corresponding to
each subclass using Self-Organizing Map. For each subclass,
the number of prototypes is proportional to the number of
patterns which belong to the sub-group, considering the total
number of the patterns. By dividing the training data set into
smaller subclasses we address the issues presented above
which arise when the hypotheses of Theorem are not fulfilled.
In this case, by proper allocation of the prototypes, only the
conditions of the Lemma need to be satisfied to guarantee the
performance of the LVQI algorithm. But even for complex
training data sets, when neither Theorem nor Lemma
conditions are fulfilled, the pre-learning phase can achieve
better classification results for the LVQ1 training algorithm.

3. The LVQI1 algorithm is applied to the prototypes
initialized with the values obtained in step 2.

The algorithm that implements the new learning strategy is
shown in the following page.

Observation:

The patterns clustering of the class i into a number of
subclasses (Step 1.1) is determined by either using the Basic
ISODATA algorithm [15] or by minimising the sum of the
square errors.

After training the prototypes with LVQ type algorithms, a
test stage is required to verify that the patterns are correctly
classified by the trained prototypes.

For the evaluation of the learning algorithm performance a
criterion is proposed that measures the accuracy degree with
which the prototypes estimate the pattern repartition in their
space.

Suppose that a certain class Q with nQ patterns is
represented by np prototypes, and each prototype represents ng;

patterns, j=1, ..., np. The patterns’ number is represented by
the np prototypes and the following equation is verified
Z}Z’l ng; = nd. (22)

The estimation accuracy of the patterns’ repartition in their
space is given by the equation:
Ve = 378, 5 |w; = psl| = ne, (23)
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where w; represents the pattern that is the nearest of the p;
prototype.

If the p; prototypes occupy a more central position inside
the patterns space, then the value of the criterion decreases.
The learning strategy proposed in this section is exemplified
with an academic data set. Comparative results between the
proposed strategy and LVQ type algorithms are presented.

Fig. 5a shows a case when the training data set does not
fulfil the Lemma or Theorem hypotheses, and the training was
made with the LVQI1 algorithm. The prototypes could be
removed from the patterns they were initially assigned with.
Fig. 5a shows a situation where there is a subclass with no

prototype because of the complex structure of the training data
set. However, neither LVQ?2 algorithm (fig. 5b), nor LVQ3
algorithm (fig. 5c), leads to satisfactory results since the
subclass remains without prototypes. In this example the
patterns of class 2 are distributed in space, occupying a non-
compact area. In this case some patterns from class 2 are close
to class 1 but, in the same time, some are away. This spatial
distribution of the patterns, together with relation (2) will
contribute to removing some prototypes of class 1 and class 2
as it is shown in fig. 5a. Fig. 5d shows the training result after
the new proposed algorithm is used.

Algorithm for the new proposed strategy

1. The index number of the class is initialized: i=1.

patterns, we obtain g; subclasses noted with
{S C Lk} , each subclass having M¥ patterns.

k=19,

1.2. The index number of the subclass is initialized: &=1.
1.2.1 For each subclass S Cl-k we attach prototypes {ZZ,‘ }

belonging to the subclass SC¥ , randomly selected.
1.2.2 The iteration number N for the pre-learning stage is set.
1.2.2.1 the pre-learning step ¢ is initialized: +=1;

1.1 The patterns from the class ©; are divided in an adequate number of subclasses. Consider that for the ; class, which has M;

a=1pF a-priori established, taking into account the appearance
=1,np}

probability of the subclasses’ patterns in the global training data set. The prototypes initialisation is made with patterns

1.2.2.2 the learning rate is updated: k(t) = 1 — t/N
1.2.2.3 the index number of patterns from subclass S Cik is initialized: r = 1;
1.2.2.4 the pattern x,. € SCF is presented to the algorithm;
1.2.2.5 the prototype z. which verifies the following relation is found:

min_ ([, — 7]} = I — 7]
npy

z(t+ 1) = z.(6) + k(6) - [x,(8) — 2 (O)];

1226 r=r+1;

1228 t=t+1;
123 k=k+1.

13 i=i+1.

and then the prototype is updated with the relation

1.2.2.7 if r < MF, jump at 1.2.2.4{we move to the next pattern from subclass SC}}, if not — carry on;
1.2.29 if t < N, jump at 1.2.2.2{we move to the next pre-learning stage }, if not — carry on.
1.24 If k < ng;, jump at 1.2.1 {we move to the next subclass }, if not — carry on.
1.4 Ifi < n, jump to 1.1{we move to the next class }, if not — carry on.

2. The classes’ prototypes are initialized with the subclasses’ prototypes obtained at the previous step.
3. We apply the classical Kohonen algorithm, using the prototypes initialized at the previous step.

LvVQ 1 Lva2
60 T T :
O - patterns of class 2 o5l ** s * 4
501+ + - pattems of class 1 g *y e o+ *
O - prototypes of class 2 F* e} o *
400 *+ - prototypes of class 1 i 20l (S) o ©o O B
O - patterns incorrectly classified O 8 @)
o
301 ** 7 1
% S 7
20+ o8 Cgb@-? i
10+ 3
10k 000 O - patterns of class 2
Q@ © OO Oo + - patterns of class 1
ol % fee%) | 50 50 o O - prototypes of class 2 H
5 OOO o Op + - prototypes of class 1
© () o §o o© O - patters incorrectly classified
-10 o o7, 1 1 1 1 1 1 1 1 0 OOO | | 0 0 1
-5 0 5 10 15 20 25 30 3 40 45 50 0 5 10 15 20 25

Fig. 5a. Classification results using LVQI algorithm

Fig. 5b. Classification results using LVQ2 algorithm
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Fig. Sc. Classification results using LVQ3 algorithm
Classification results using the new learning strategy
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Fig. 5d. Classification results using the new learning strategy

Analytical evaluation of the prototype training with
algorithms: LVQ1, LVQ2, LVQ3 and the proposed strategy is
shown in the table 1.

It is necessary to mention that the proposed criterion is
useful in case the patterns belong to R? (g> 3), in which
situation a visual analysis cannot be performed.

TABLE 1. ANALYTICAL EVALUATION OF THE PROTOTYPE TRAINING WITH LVQ
ALGORITHMS (ACADEMIC DATA SET)

Algorithm | Classification | Number of patterns | Value of the
incorrectly classified | criterion
100 %

LVQl1 no 13 262.8358

LVQ2 no 13 116.7772

LVQ3 no 13 86.4451
Proposed yes 0 39.4040
Algorithm

In step 1, using the BASIC Isodata algorithm, the class 2 is
divided in two subclasses, subclass 2.1 and subclass 2.2 as it is
shown in fig. 5d. For subclass 2.2 and class 1 the hypotheses of
theorem 1 are not fulfilled. Because the patterns of subclass 2.1
are grouped, in this case we will not have the problems shown
in fig. 5a, when the patterns of the class 2 were distributed in
space, occupying a large area. In step 2 the prototypes were
allocated in the pattern space. In step 3, which in fact is LVQI1

algorithm, the prototypes for subclass 2.2 are updated because
the theorem’s hypotheses are fulfilled. The prototypes for class
1 and subclass 2.1 are updated using classical LVQI1 updating
rules [1] in order to avoid the situation when a prototype that
belongs to a class becomes closer to the patterns from another
class. In practical applications, the patterns have multimodal
distribution [13,14] and in this case it is necessary to analyse
the training data set prior to the learning process. It should be
mentioned that in the previous examples, when the prototypes
were removed from their corresponding class, the prototype
learning process principles proposed in section 1 were not
fulfilled. In this case we need to address the third principle in
order to improve prototype learning using the LVQ1 algorithm.

Iv. CONCLUSIONS AND FURTHER RESEARCH

The paper presents an efficient algorithm for prototypes
learning with LVQ algorithm when the patterns have a
multimodal and irregular distribution. Three principles, to be
satisfied during the learning process, were proposed. To
support these principles a new lemma and a new theorem were
proposed in the paper. The lemma and the theorem prove that
the data set structure and the prototypes initialization play a
crucial role for obtaining acceptable results. In this context,
Section 3 proposes a new algorithm for prototypes updating.
With the new algorithm, in step 1 the learning data set structure
is analysed. In step 2 the Self-Organizing Map algorithm for
prototypes (a pre-learning stage for each of the subclasses
resulted in step 1) is used. A comparison between the new
strategy and the classic LVQ algorithms was illustrated in
Sections 3 and 4, highlighting that using the proposed
algorithm unexpected situations during LVQ training are
avoided.

Also in Section 3 we proposed a criterion to evaluate the
training stage by computing the estimation accuracy of the

pattern repartition in their space.

Future research will focus on two directions: one direction
will be to analyse the class’ structure in order to establish an
appropriate number of subclasses, in which the class may be
divided; another direction will be the evaluation of both the
learning phase and the learning results.
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